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Abstract—A transmission-line model is used to extract the
equivalent lumped-element circuits for the closed- and open-loop
ring resonators. The unloaded ’s of the ring resonators can
be calculated from the equivalent lumped elements , , and

. Four different configurations of microstrip ring resonators
fabricated on low and high dielectric-constant substrates are used
to investigate the lumped elements and unloaded ’s. The largest
difference between the measured and calculated unloaded is
5.7%, which is due to measurement uncertainties and accuracies
of the calculation. These simple expressions introduce an easy
method for analyzing ring resonators in filters and provide, for
the first time, a means of predicting their unloaded .

Index Terms—Equivalent lumped elements, ring resonator,
transmission-line model, unloaded .

I. INTRODUCTION

FOR THE PAST three decades, the microstrip ring resonator
has been widely utilized to measure effective dielectric

constant, dispersion, and discontinuity parameters and to de-
termine optimum substrate thickness [1]–[4]. Beyond measure-
ment applications, the microstrip ring resonator has also been
used in filters, oscillators, mixers, and antennas [5] because of
its advantages of compact size, easy fabrication, narrow pass-
band bandwidth, and low radiation loss. Recently, interesting
compact filters using microstrip ring resonators for cellular and
other mobile communication systems have been reported [6],
[7].

The basic operation of the ring resonator based on the
magnetic wall model was originally introduced by Wolff and
Knoppik [2]. In addition, a simple mode chart of the ring
was developed to describe the relation between the physical
ring radius and resonant mode and frequency [8]. Although
the mode chart of the magnetic wall model has been studied
extensively, it provides only a limited description of the effects
of the circuit parameters and dimensions [5]. A further study
on a ring resonator using the transmission-line model was
proposed [9]. The transmission-line model used a T-network
in terms of equivalent impedances to analyze a ring circuit.
However, this model showed a complex expression for the
ring circuit. Another distributed-circuit model using cascaded
transmission-line segments for a ring was reported [10]. The
model can easily incorporate any discontinuities and solid-state
devices along the ring. Although this model could predict the
behavior of a ring resonator well, it could not provide a straight-

Manuscript received December 9, 2000.
The authors are with the Department of Electrical Engineering, Texas A&M

University, College Station, TX 77843-3128 USA.
Publisher Item Identifier S 0018-9480(02)01155-9.

Fig. 1. Closed-loop microstrip ring resonator.

forward circuit view such as equivalent lumped elements, ,
and for the ring circuit.

In this paper, a simple equivalent lumped-element, , and
circuit for closed- and open-loop ring resonators through

transmission-line analysis is developed. By using the equivalent
lumped elements, the unloadedof the closed- and open-loop
rings are obtained. Two different dielectric substrates with
different types of rings are used to verify the unloaded
calculation and equivalent-circuit representation.

II. EQUIVALENT LUMPED ELEMENTS AND UNLOADED ’S FOR

CLOSED- AND OPEN-LOOPMICROSTRIPRING RESONATORS

A. Closed-Loop Ring Resonators

Fig. 1 shows the geometry of a closed-loop microstrip ring
resonator. The simple equations of the ring are given by

(1a)

(1b)

where is the guided wavelength,is the mean radius of the
ring, is the mode number, is the resonant frequency,is the
speed of light in free space, and is the static effective rela-
tive dielectric constant. Observing this structure, if the width of
the ring is narrow, then the ring might have the same dispersion
characteristics as a transmission-line resonator [11]. Therefore,
the ring resonator can be a closed-loop transmission line and can
be analyzed by a transmission-line model [5].

Fig. 2(a) illustrates the one-port network of the ring and its
equivalent circuit. Inspecting Fig. 2(a), the equivalent input
impedance of the ring is not easily derived from the one-port
network. Another approach using the two-port network is
shown in Fig. 2(b) with an open circuit at port 2 ( )
to model the one-port network and find the equivalent input
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(a)

(b)

Fig. 2. Input impedance of: (a) one-port network and (b) two-port network of
the closed-loop ring resonator.

impedance through and -parameter matrix operations
[11].

As seen in Fig. 2(b), the mean circumference
for the fundamental mode is divided by input and output
ports on arbitrary positions of the ring with two sectionsand

. The two sections form a parallel circuit. For this parallel cir-
cuit, a transmission-line matrix is utilized to find each
section parameters. The matrix of the individual trans-
mission-line lengths and is given as follows:

(2)

where subscripts 1 and 2 correspond to the transmission lines
and , respectively, is the characteristic impedance
of the microstrip ring resonator, is the complex propagation
constant, is the attenuation constant, andis the phase con-
stant.

The overall -parameters converted from the matrix
in (2) for the parallel circuit are given by

(3)

By setting to zero, the input impedance of the closed-loop
ring in Fig. 2(b) can be found as follows:

(4)

Letting , (4) can be rewritten as

(5)

In most practical cases, transmission lines have small loss so
that the attenuation term can be assumed that , and
then . Considering the term and letting
the angular frequency , where is the resonant
angular frequency and is small

(6)

where is the phase velocity of the transmission line. When a
resonance occurs, and . Thus, (6)
can be rewritten as

(7a)

and

(7b)

Using these results, the input impedance can be approxi-
mated as

(8)

Since , can be rewritten as

(9)

For a general parallel circuit, the input impedance is [13]

(10)

Comparing (9) with (10), the input impedance of the closed-loop
ring resonator has the same form as that of a parallel cir-
cuit. Therefore, the conductance of the equivalent circuit of the
ring is

(11a)

and the capacitance of the equivalent circuit of the ring is

(11b)

The inductance of the equivalent circuit of the ring can be de-
rived from and is given by

(11c)

where , , and stand for the equivalent conductance,
inductance, and capacitance of the closed-loop ring resonator.
Fig. 3 shows the equivalent lumped-element circuit of the ring
in terms of , , and . Moreover, the unloaded of the
ring resonator can be found from (11), and the unloadedis

(12)

For a square ring resonator, as shown in Fig. 4, the equivalent
, , , and unloaded can be derived by the same proce-

dures as above. Through the derivations, it can be found that the
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Fig. 3. Equivalent elementsG ,L , andC of the closed-loop ring resonator.

Fig. 4. Transmission-line model of the closed-loop square ring resonator.

(a)

(b)

Fig. 5. Transmission-line model of: (a) the open-loop ring resonator and (b)
its equivalent elementsG , L , andC .

equivalent , , , and unloaded of the square ring res-
onator is the same as that of the annular ring resonator in Fig. 2.

B. Open-Loop Ring Resonators

Fig. 5(a) illustrates the configuration of an open-circuited
microstrip ring resonator. As seen in Fig. 5(a),is the

physical length of the ring, is the gap capacitance, and is
the fringe capacitance caused by fringe field at the both ends of
the ring. The fringe capacitance can be replaced by an equivalent
length [14]. Considering the open-end effect, the equivalent
length of the ring is for the fundamental
mode.

In Fig. 5(a), the parallel circuit split by input and output ports
is composed of the gap capacitor and the ring resonator. Fur-

thermore, the matrix of the individual element of
and the ring can be expressed as follows:

(13)

(14)

where subscripts andopenare for the gap capacitor and the
open-loop ring resonator, respectively, is the admit-
tance of , is the characteristic impedance of the
ring.

The overall parameters converted from the matrix
in (13) and (14) for the parallel ring circuit are given by

(15)

Observing the two-port network shown in Fig. 5(a), the input
impedance of the ring can be calculated by setting output current
to zero. In this condition, the input impedance can be written as

(16)

If the gap size between two open ends of the ring is large, then
the effect of the gap capacitor for the ring can be ignored
[15]. This implies . Therefore, the input impedance
of the open-loop ring can be approximated as

(17)

Also, using the same assumptions and derivations forand
as in Section II-A, the input impedance can be obtained by

(18)

Comparing (18) with (10), the input impedance of the ring has
the same form as that of a parallel circuit. Thus, the con-
ductance, capacitance, and inductance of the equivalent circuit
of the ring are

(19)

The equivalent circuit in terms of , , and is shown in
Fig. 5(b). Moreover, the unloaded of the ring is given by

(20)

Fig. 6 illustrates an U-shaped open-loop ring. Also, following
the same derivations used in this section, the equivalent lumped
elements , , , and unloaded of the U-shaped ring res-
onator can be found to be identical to those of the open-loop
ring resonator with the curvature effect.

Inspecting the equivalent conductances, capacitances, and in-
ductances of the closed- and open-loop ring resonators from
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Fig. 6. Transmission-line model of the U-shaped open-loop ring resonator.

(a) (b)

(c) (d)

Fig. 7. Layouts of the: (a) annular, (b) square, (c) open-loop with the curvature
effect, and (d) U-shaped open-loop ring resonators.

(11) and (19), the relations of the equivalent lumped elements
between these two rings can be found as follows:

for the same attenuation constant (21a)

(21b)

In addition, observing (12) and (20), the unloadedof the
closed- and open-loop ring resonators are equal, namely,

for the same attenuation constant (22)

Equations (21a) and (22) sustain for the same losses condition
of the closed- and open-loop ring resonator. In practice, the
total losses for the closed- and open-loop ring resonator are not
the same. In addition to the dielectric and conductor losses, the
open-loop ring resonator has a radiation loss caused by the open
ends [16]. Thus, total losses of the open-loop ring are larger than
that of the closed-loop ring. Under this condition, (21a) and (22)
should be rewritten as follows:

and (23)

III. CALCULATED AND MEASUREDUNLOADED Q’S AND

EQUIVALENT LUMPED ELEMENTS FORRING RESONATORS

A. Calculated Method

The attenuation constant of a microstrip line is given as fol-
lows [17]:

(24)

where and are dielectric and conductor attenuation con-
stants, respectively. The dielectric attenuation constant is given
by

dB/unit length (25)

TABLE I
UNLOADED Q’S FOR THEPARAMETERS: " = 2:33, h = 10 mil, t = 0:7 mil,

AND w = 0:567 mm FOR A 60-
 LINE, � = 1:397 �m SURFACE

ROUGHNESS, AND � = 108:398 mm

where is the relative dielectric constant, is the loss tan-
gent, and is the wavelength in free space. If operation fre-
quency is larger than dispersion frequency [12]

GHz (26)

where is the substrate thickness in centimeters, then (25) has
to include the effects of dispersion [18] as follows:

(27)

The conductor attenuation constant can be approximately
expressed as [17]

dB/unit length

(28a)

dB/unit length

(28b)
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TABLE II
EQUIVALENT ELEMENTS FOR THEPARAMETERS: " = 2:33, h = 10 mil,
t = 0:7 mil, AND w = 0:567 mm FOR A 60-
 LINE, � = 1:397 �m

SURFACE ROUGHNESS, AND � = 108:398 mm

dB/unit length (28c)

with

and

TABLE III
UNLOADED QS FOR THEPARAMETERS: " = 10:2, h = 10 mil, t = 0:7 mil,

AND w = 0:589 mm FOR A 30-
 LINE, � = 1:397 �m SURFACE

ROUGHNESS, AND � = 55:295 mm

[19] where is the surface-roughness resistance of the con-
ductor, is the surface resistance of the conductor,is the
surface roughness, is the skin depth, is the con-
ductivity of the microstrip line, is the frequency, is the per-
meability of free space, is the microstrip thickness, and is
the width of the microstrip line. The effective width can be
found in [20]. The unloaded of the closed-loop ring can be
calculated by

(29)

where is the -factor caused by the dielectric
loss of the ring and is the -factor caused by
the conductor loss of the ring. The attenuation constant of the
fundamental-mode closed-loop ring is

Np/unit length (30)

The radiation loss caused by open ends of the open-loop ring
resonator in terms of radiation quality factor is [16]

(31)

where
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TABLE IV
EQUIVALENT ELEMENTS FOR THEPARAMETERS: " = 10:2, h = 10 mil,
t = 0:7 mil, AND w = 0:589 mm FOR A 30-
 LINE, � = 1:397 �m

SURFACE ROUGHNESS, AND � = 55:295 mm

The unloaded of the open-loop ring can be given by

(32)

The attenuation constant of the fundamental mode open-loop
ring resonator can be derived from (20). That is

Np/unit length (33)

By using the attenuation constants in (30) and (33), the cal-
culated equivalent lumped elements for closed- and open-loop
rings can be obtained from (11) and (19).

B. Measured Method

The measured unloaded of a microstrip resonator can be
obtained by [5]

(34)

where the subscript stands for measured data,
is the loaded , and is the measured insertion loss in

(a)

(b)

Fig. 8. Simulated: (a)S21 and (b) antenna efficiency for the U-shaped
open-loop ring resonator.

decibels of the resonator at resonance. The loadedis defined
as

(35)

where is the measured resonant frequency and
is the measured 3-dB bandwidth of a resonator.

Also, using (12) and (20), the measured attenuation constant
for the fundamental-mode closed- and open-loop rings can be
given by

Np/unit length (36a)

and

Np/unit length (36b)

Thus, the equivalent lumped elements, , and of the closed-
and open-loop rings can be found as follows:

(37a)

(37b)
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IV. CALCULATED AND EXPERIMENTAL RESULTS

To verify the calculations presented in Section III, four con-
figurations of the closed- and open-loop ring resonators were de-
signed at the fundamental mode of 2 GHz. The circuits, shown
in Fig. 7, were fabricated for two different dielectric constants:
RT/Duriod 5870 with , mil, and mil,
and RT/Duriod 6010.2 with , mil, and

mil.
As seen in Tables I–IV, the measured unloaded’s and equiv-

alent lumped elements of the closed- and open-loop rings show
good agreement with each other. The differences between the
measured and calculated results are caused by measurement un-
certainties and the accuracy limitations of the calculation equa-
tions. The largest difference between the measured and calcu-
lated unloaded shown in Table III for the closed-loop square
ring resonator is 5.7%. Furthermore, an electromagnetic (EM)
simulator based on an integral equation and method of moment1

is used to investigate the radiation effect of the open-loop ring
resonator fabricated with and mil. Fig. 8
shows of the U-shaped open-loop ring resonator at the
fundamental resonant frequency and its antenna efficiency. Ob-
serving the result in Fig. 8(b), the antenna efficiency of the ring
resonator is 0.0003% at the resonant frequency. From the re-
sults, it is found that the radiation loss contributes little to the
losses of the ring circuit and insignificantly affects the unloaded

of the ring resonator under the conditions of low resonant fre-
quency, high characteristic impedance, and thin substrate, which
can also be inspected by (31).

V. CONCLUSIONS

An equivalent lumped-element circuit representation for the
closed- and open-loop ring resonators has been developed by
a transmission-line analysis. Using the calculated, , and

element values, the unloaded’s for both the closed- and
open-loop ring resonators have been obtained. Two different
dielectric constant substrates have been used to verify the un-
loaded ’s and the equivalent lumped elements. The measured
results show good agreement with the theory. These novel ex-
pressions using the equivalent lumped elements, , , and
unloaded for the ring resonators can provide a simple way to
design ring circuits.
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